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Abstract. In this paper, we give a complete set of finite type string link in- 
variants of degree < 5. In addition to Milnor invariants, these include several 
string link invariants constructed by evaluating knot invariants on certain clo- 
sure of (cabled) string links. We show that finite type invariants classify string 
links up to Cfe-movcs for fc < 5, which proves, at low degree, a conjecture due 
to Goussarov and Habiro. We also give a similar characterization of finite type 
concordance invariants of degree < 6. 

1. Introduction 

The notion of Goussarov- Vassilicv finite type link invariants provides a unifying 
viewpoint on the various quantum Unk invariants [T| fTIH I34j . Denote by ZC{m) 
the free abehan group generated by the set C{m) of isotopy classes of m-coniponent 
oriented; ordered links in . An abelian group- valued link invariant is a finite type 
invariant of degree k if its linear extension to 'LC{m) vanishes on the (fc+ l)th term 
of the descending filtration 

(1.1) Z£(m) = Jo(to) D .h{m) D • ■ • 

where each Jnini) is generated by certain linear combinations of links associated 
with singular links with n double points. See Subsection 12.1.21 for a definition. 

It is a natural question to ask for a topological characterization of finite type 
invariants. Habiro [H] and Goussarov [TT] introduced independently the notion of 
Cfe-move to address this question. A Cfc-move is a local move on (string) links as 
illustrated in Figure 11.11 which can be regarded as a kind of 'higher order crossing 
change' (in particular, a Ci-move is a crossing change). 




Figure 1.1. A C^-move involves k 
here by integers between and fc. 



1 strands of a link, labelled 



The Cfe-move generates an equivalence relation on links, called C'k-equivalence, 
which becomes finer as fc increases. This notion can also be defined by using the 
theory of claspers (see Section [S]). Goussarov and Habiro showed independently the 
following. 

Theorem 1.1 ([TTJ I14|). Two knots cannot be distinguished by any finite type 
invariant of order less than fc if and only if they are Ck- equivalent. 
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It is known that the 'if part of the statement holds for hnks as well, but explicit 
examples show that the 'only if part of Theorem 11.11 does not hold for links in 
general, see [Ml §7.2]. 

However, Theorem 11.11 may generalize to string links. Recall that a string link 
is a proper tangle without closed component (see Subsection 12.1.11 for a precise 
definition) . 

Conjecture (Goussarov-Habiro ; [111 I14j). Two string links of the same number 
of components share all finite type invariant of order less than k if and only if they 
are Ck- equivalent. 

One nice property of string links, which suggests some analogy with knots, is 
that they admit a natural composition. Indeed the stacking product • endows the 
set SC{n) of n-string links up to isotopy fixing the endpoints with a structure of 
monoid. In particular, string links with 1 component are exactly equivalent to 
knots, and their stacking product is equivalent to the connected sum ji of knots. 
The Goussarov-Habiro Conjecture is also supported by the fact that there are much 
more finite type invariants for string links than for links. For example, Milnor 
invariants [27l [28] are defined for both links and string links, but (except for the 
linking number) they are of finite type only for string links. See Subsection l2.1.4l 

As in the link case, the 'if part of the conjecture is always true. The 'only if part 
is also true for fc = 1 (in which case the statement is vacuous) and fc = 2 ; the only 
finite type string link invariant of degree 1 is the linking number, which is known to 
classify string links up to C2 -equivalence [29]. (Note that this actually also applies 
to links). The Goussarov-Habiro conjecture was then (essentially) proved for fc = 3 
by the first author in Massuyeau gave a proof for fc = 4, but it is mostly 

based on algebraic arguments and thus does not provide any information about the 
corresponding finite type invariants [24| . 

In this paper, we classify n-string links up to Cfc-move for fc < 5, by explicitly 
giving a complete set of low degree finite type invariants. In addition to Milnor 
invariants, these include several 'new' string link invariants constructed by evaluat- 
ing knot invariants on certain closure of (cabled) string links. See Section [5] for the 
statements of these main results. As a consequence, we prove the Goussarov-Habiro 
Conjecture for fc < 5. 

We also consider the case of finite type concordance invariants. It is known 
that, over the rationals, these are all given by Milnor invariants [13]. We introduce 
the notion of Cfe-concordance, which is the equivalence relation on (string) links 
generated by C^-moves and concordance. Wc classify knots up to Cfe-concordance 
and show that two n-string links (n > 2) arc Cfe-concordant if and only if they 
share all finite type concordance invariants of degree < fc for fc < 6. (Again, these 
statement provide a complete set such invariants). 

We also apply some of the techniques developed in this paper to previous works 
by the authors [35l|2B]. We first give a classification of 2-string links up to self C3- 
moves and concordance, where a self C^-move is a C^-move with all fc -I- 1 strands in 
a single component. Next we consider Brunnian string links. Recall that a (string) 
link is Brunnian if it becomes trivial after removing any number of components. 
We give a classification of Brunnian n-string links up to Cn+i-equivalcncc, thus 
improving a previous results of the authors [2H1 ■ 

The rest of the paper is organized as follows. In section 2, we recall the definitions 
of the main notions of this paper, and state our main results characterizing finite 
type string link invariants of degree < 5. In section 3, we review the main tool 
used in the proofs, namely the theory of claspers, and provide several key lemmas. 
The main results are proved in section 4. In section 5, we give a characterization of 
finite type concordance invariants for string links of degree < 6. Finally, we give in 
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Section 6 the classification of 2-string links up to self Cs-moves and concordance, 
and Section 7 contains our (improved) result on Brunnian string links. 

Acknowledgements. This work was done while the first author was a visiting Tokyo 
Institute of Technology. He thanks Hitoshi Murakami for his warm hospitality. 



In this section, we state our main results, which provide a complete set of fi- 
nite type string link invariants of degree < 5 and validates the Goussarov-Habiro 
conjecture up to this degree. 

2.1. Preliminaries. In this subsection we recall the definitions and properties of 
finite type string link invariants, and review several examples that will be used in 
our main results. 

2.1.1. String links. Let n > 1, and let be the standard two-dimensional disk 
equipped with n marked points a;i,...,a;„ in its interior. Let / denote the unit 
interval. An n-string link, or n-component string link, is a proper embedding 



of the disjoint union Uf^^Ii of n copies of / in x /, such that for each i, the 
image cr^ of runs from {xi, 0) to {xi,l). Abusing notation, we will also denote by 
a C X / the image of the map a, and <Ti is called the ith string of cr. Note that 
each string of an n-string link is equipped with an (upward) orientation induced by 
the natural orientation of /. 

The set SC{n) of isotopy classes of n-string links fixing the endpoints has a 
monoidal structure, with composition given by the stacking product and with the 
trivial n-string link 1„ as unit element. We shall sometimes denote the trivial string 
link by 1 when the number of component is irrelevant. 

There is a surjective map " : SC{n) — > £(n) which sends an n-string link a to its 
closure a (in the usual sense). For n = 1, this map is a monoid isomorphism. 

We have a descending filtration 



where SCk{n) denotes the set of Ck-trivial n-string links, i.e., string links which are 
Cfc-equivalent to 1„. For 1 < A: < L let SCk{n)/Ci denote the set of C/ -equivalence 
classes of Cfc-trivial n-string links. This is known to be a finitely generated nilpotent 
group. Furthermore, if I < 2k, this group is abelian [T31 Thm. 5.4]. 

2.1.2. Finite type invariants of string links. A singular n-string links is a proper 
immersion Uf^^Ii x / such that the image of li runs from {xi,0) to (xi, 1) 

(1 < i < n), and whose singularities are transverse double points (in finite number). 

Denote by ZSC{n) the free abelian group generated by SC{n). A singular n- 
string link a with k double points can be expressed as an element of 7sSC{n) using 
the following skein formula. 



Let A be an abelian group. An n-string link invariant / : SC{n) — > ^ is a finite 
type invariant of order < fc if its linear extension to ZiS£(n) vanishes on every 
n-string-link with (at least) fc -I- 1 double points. If / is of order < fc but not of 
order fc — 1, then / is called a finite type invariant of order fc. 

We recall several classical examples of such invariants in the next two subsections. 



2. Statements of the main results 



n 



SC{n) = SCi{n) D SC2H D SCsiri) D ... 



(2.1) 
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The Kontsevich integral [H] 

Z : SC{n) A{U„I) 

is universal among rational- valued finite type string link invariants. The target 
space ^(U„/) of Z is the space of Jacobi diagrams on Uf^ili, that is, the vector 
space over Q generated by vertex-oriented unitrivalent diagrams whose univalent 
vertices are identified with distinct points on U"^j^/,;, modulo the AS, IHX and STU 
relations [1] [2]. Recall that ^(U„/) is graded by the degree of Jacobi diagrams, 
which is defined as half the number of vertices. 

2.1.3. Finite type knot invariants. In this subsection we recall a few classical results 
on finite type knot invariants. 

Recall that the Conway polynomial of a knot K has the form 

k>l 

It is not hard to show that the z^'^-coefficient a2k in the Conway polynomial is a 
finite type invariant of degree 2k [T]. 

Recall also that the HOMFLYPT polynomial of a knot K is of the form 

N 

where P2k{K;t) G Z[t^^] is called the 2fcth coefficient polynomial of K. Denote 
by Pjfe (^) the Ith derivative of P2k{K]t) evaluated at i = 1. It was proved by 
Kanenobu and Miyazawa that P^^l is a finite type invariant of degree 2k + I [TH] . 

Note that both the Conway and HOMFLYPT polynomials of knots are invariant 
under orientation reversal, and that both are multiplicative under the connected 
sum [22]. 

In the rest of this paper, we will freely evaluate these invariants on components 
of an n-string link, via the closure isomorphism SC{1) ~ For example, a2(cri) 

denotes the invariant 02 of the closure Ui. 

2.1.4. Milnor invariants. Given an n-component oriented, ordered link L in S'^ , 
Milnor invariants JlLil) of L are defined for each multi-index / = iii2..-im (i-c, any 
sequence of possibly repeating indices) among {l,...,n} [271 [28]. The number m 
is called the length of Milnor invariant and is denoted by |/|. Unfortunately, 
the definition of these Jlil) contains a rather intricate self-recurrent indeterminacy. 

Habegger and Lin showed that Milnor invariants are actually well defined integer- 
valued invariants of string links \12\ , and that the indeterminacy in Milnor invariants 
of a link is equivalent to the indeterminacy in regarding it as the closure of a string 
link. We refer the reader to [T^] or [35] for a precise definition of Milnor invariants 
of string links. The smallest length Milnor invariants ^(t(«j) of a string link a 
coincide with the linking numbers lk((Ji,dj). Milnor invariants are thus sometimes 
referred to as 'higher order linking numbers'. 

It is known that is a finite type invariant of degree |/| — 1 for string links 
[1[23]. 

Convention 2.1. As said above, each Milnor invariant yu(/) for n-string links is 
indexed by a sequence / of possibly repeating integers in {1, 71}. In the following, 
when denoting indices of Milnor invariants, we will always let distinct letters denote 
distinct integers, unless otherwise specified. For example, fj.{iijk) (1 < i,j,k < n) 
stands for all Milnor invariants ^{iijk) with i,j, k G {1, n} pairwise distincts. 
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2.2. Invariants of degree < 2 for string links. We start by recalling the clas- 
sification of n-string links up to Cs-equivalence due to the first author^ 

I turns out that, in addition to the z^-coeficient 02 in the Conway polynomial 
(which is essentially the only finite type knot invariant of degree < 2) and Mil- 
nor invariants of length < 3, this classification requires an additional finite type 
invariant of degree 2 for 2-string links 

h ■■ SC{2) Z, 

defined by /2(cr) = 0,2(0'). Here a denotes the plat closure of a, which is the knot 
obtained by identifying the two upper (resp. lower) endpoints of a. More precisely, 
we have the following. 

Theorem 2.2 f[25|). Let a, a' £ SC{n). Then the following assertions are equiv- 
alent: 

(1) a and a' are C^-equivalent, 

(2) a and a' share all finite type invariants of degree < 2, 

(3) (T and a' have same Kontsevich integral up to degree 2, 

(4) a and a' share all invariants 02 and /2, and all Milnor invariants ^.{ij) 
(1 < i < j < n) and n{ijk) (l<i<j<k<n). 

In (4), by a and a' share all invariants 02 and fi, we mean that a = Uf^i<7i 
and a' = Uf^jcr- satisfy a2{ai) = 02(0^) and /2(cri U aj) = /2(cr- U cr^) for all 
1 < i < j < n. 

Remark 2.3. In subsequent statements, we shall make use of a similar abuse of 
notation as in assertion (4) of Theorem 12.21 

2.3. Invariants of degree 3 for string links. Recall that there is essentially only 

(3) 

one finite type knot invariant of degree 3, namely Pq . Let 

/3 : 5£(2) ^ Z 

be defined by fz(a) :— ' (a), where W is the plat-closure of a, and let 

V3 : SC{3) ^ Z 

be defined by V3(cr) := Pg (d^a), where cl^a is the closure operation illustrated 
in Figure mH 

Clearly, /a and V3 are both finite type invariants of degree 3. 
Theorem 2.4. Let a, a' G SC{n). Then the following assertions are equivalent: 

(1) a and a' are C ^-equivalent, 

(2) a and a' share all finite type invariants of degree < 3, 

(3) (7 and a' have same Kontsevich integral up to degree 3, 

(4) a and a' share all invariants 02, P^ , f2, fs o,nd V^, and all Milnor invari- 
ants fi{ij), niiijj) (I < i < j < n), fi{ijk) (I < i < j < k < n), fJ,{ijkl) 

l£ i, j < k < I < n) and fj.{ijkk) (I < i, j, k < n ; i < j). 

2.4. Invariants of degree 4 for string links. There are essentially two linearly 
independent finite type knot invariants of degree 4, namely 04 and Pq^"* . We will 
use these two knot invariants to define a number of finite type string links invariants 
of degree 4 by using some cabling and closure operations. We start by setting up 
some notation. 

Given a 3-string link ct, denote by clicr, i = 0, ...,4, the five knots obtained from 
a by taking the closures illustrated in Figure \2A\ 



^Actually, the present statement is stronger than the one appearing in |25) . However, the proof 
given in Subsection 14. II is essentially contained in |25| . 
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a 



y 

do a 



c/2cy 



c/30 



C/4CT 



Figure 2.1. The five closures cka [i = 0, ...,4) of a 3-string link a. 



Also, given a 4-string link cr, denote by Ki{a), i = 1,2, 3, the knot obtained by the 
closure operations represented in Figure 12.21 



1111 



I I I I 



Ki a 



G 



K3 a 



Figure 2.2. The three closures Kicr {i ~ 1,2,3) of a 4-string link <t. 



Finally, for a 2-string link cr, denote by Aicr [i ~ \,2) the 3-string link obtained by 
taking a 0-framcd parallel copy of the ith component Ui of cr. 

We now define five invariants of 2-string links as follows. For 1 < i < 5, let 

fl : SC{2) ^ Z 

be defined by the following 

flia) -.^ a,{a) , fl{a) := P^,"'^ {a) , 

fUa) := a4 (do(Aia)) , /^(a) -.^ P^^^ (do(Aia)) , 

and f!{a) := P^^^ {ch{A2a)) . 

We have that /| is a finite type invariants of degree 4 for i = 1, 5. (It is immediate 
for i = 1, 2, and easy to check for i = 3, 4, 5.) 

Next we define seven invariants of 3-string links. For 1 < i < 7, let 

VI : S£{3) Z 

be defined by the following 





:— 04 (dicr) 






(dicr) , 




04 (chcr) 




p(4) 


(d2cr) , 


Viia) 


:= 04 (dacr) 




p{4) 


(dscr) , 






and Vj{a) 


p(4) 


(c^4cr) . 



Clearly, each is a finite type invariant of degree 4, i = 1, 7. 

Finally, we define three finite type invariants of degree 4 of 4-string links 

Wi : S£{4:) Z 

by setting Wl{a) := P^'^^ {Ki{a)), l<i<3. 

These various invariants, together with Milnor invariants of length < 5, give the 
following classification of rt-string links up to Cs-equivalence. 

Theorem 2.5. Let a, a' G SL(ji). Then the following assertions are equivalent: 

(1) cr and cr' are C^- equivalent, 

(2) cr and cr' share all finite type invariants of degree < 4, 

(3) cr and cr' have same Kontsevich integral up to degree 4, 
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(4) a and a' share all knots invariants of degree < 4, all invariants f2, fs, V3, 
f\, VI and Wl, and all Milnor invariants of length < 5, 
where, in (4), a and a' share all Milnor invariants of length < 5 if and only if 
they share all /Lt(ij), niUjj) A < « < j < /^(u^) < i < j < k < n), 
fi{ijkl) (I < i,j < k < I < n), ^{ijkk) (1 < i,j,k < n ; i < j), fi{ijklm) 
(1 < i,j,k < I < m < n), ^{iiijk), ii{ijjkk) and fi{jikll) (I < i,j,k,l < n ; 
J < k). 

Remark 2.6. A complete set of finite type linlc invariant of degree < 3 has been 
computed in [20| using weight systems and chord diagrams. For 2-component hnks, 
this has been done for degree < 4 invariants in [18] . All invariants are given by 
coefficients of the Conway and HOMFLYPT polynomials of sublinks. 

3. ClASPERS and local moves on LINKS 

The main tool in the proofs of our main results is the theory of claspers. We 
recall here the main definitions and properties of this theory, and state a couple of 
additional lemmas that will be useful in later sections. 

3.1. A brief review of clasper theory. For convenience, we give all definitions 
and statements in the context of string links. For a general definition of claspers, 
we refer the reader to [14] . 

Definition 1. Let cr be a string link. An embedded surface G is called a graph 
clasper for cr if it satisfies the following three conditions: 

(1) G is decomposed into disks and bands, called edges, each of which connects 
two distinct disks. 

(2) The disks have either 1 or 3 incident edges, called leaves or nodes respec- 
tively. 

(3) G intersects a transversely, and the intersections are contained in the union 
of the interior of the leaves. 

In particular, if each connected component of G is simply connected, we call it a 
tree clasper. 

A graph clasper for a string link a is simple if each of its leaves intersects cr at 
one point. 

The degree of a connected graph clasper G is defined as half of the number 
of nodes and leaves. We call a degree k connected graph clasper a Gk- graph. A 
connected tree clasper of degree k is called a Gk-tree. A Cfc -graph with loop is a 
Cfc-graph which is not a Cfc-tree. 

Convention 3.1. Throughout this paper, we make use of the following graphical 
convention. The drawing convention for claspers are those of |141 Fig. 7], except 
for the following: a © (resp. 0) on an edge represents a positive (resp. negative) 
half-twist. (This replaces the convention of a circled S (resp. S"^) used in [14]). 
When representing a clasper c with an edge marked by a *, we implicitly also define 
the clasper c~^ which is obtained from c by inserting a positive half twist in the 
*-marked edge. Likewise, when introducing the string link a obtained from 1 by 
surgery along a clasper c with a H<-marked edge, we implicitly also introduce the 
string link a^^ obtained from 1 by surgery along c~^. (This convention/notation 
is motivated by Lemma 13^ 2)). We will also make use of this convention for knots 
in S^. 

Given a graph clasper G for a string link cr, there is a procedure to construct, 
in a regular neighbourhood of G, a framed link 7(G). There is thus a notion of 
surgery along G, which is defined as surgery along 7(G). There exists a canonical 
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difFeomorphism between x / and the manifold {D^ x I)^i^q)^ and surgery along 
the Cfc-graph G can be regarded as an operation on a in the (fixed) ambient space 
X /. We say that the resulting string link (Tg in x / is obtained from cr 
by surgery along G. In particular, surgery along a simple C^-tree is a local move 
as illustrated in Figure 13.11 which is equivalent to a C^-move as defined in the 
introduction (Figure II. ip . 




Figure 3.1. Surgery along a simple Cs-tree. 



A Cfe-trec G having the shape of the tree clasper in Figure 13.11 is called linear, 
and the left-most and right-most leaves of G in Figure [XT] are called the ends of G. 

The Cfe-equivalence (as defined in the introduction) coincides with the equiva- 
lence relation on string links generated by surgeries along Cj.-graphs and isotopies. 
In particular, it is known that two links are Cfe-equivalcnt if and only if they are 
related by surgery along simple C^-trees [Mj Thm. 3.17]. 

3.2. Calculus of Claspers. In this subsection, we summarize several properties 
of the theory of clasper, whose proofs can be found in [Tl]. 

Lemma 3.2 (Calculus of Claspers). (1). Let T he a union of Gk-trees for a string 
link tj, and let T' he obtained from T by passing an edge across a or across another 
edge of T , or by sliding a leaf over a leaf of another component of r0 Then 

C'fc + i 

(Jrp (Jrp, ^ 

(2) . Let T be a Ck-tree for 1„ and let T he a Gk-tree obtained from T by adding 

1 

a half-twist on an edge. Then (ItOt • (IrOr ^ 

(3) . Let T he a Gk-tree for 1„. Let fi and fi he two disks obtained by splitting a 

leaf f ofT along an arc a as shown in Figure\EIM Then, (ln)T (In)ri •(ln)T2; 




Figure 3.2. The 3 claspers are identical outside a small ball, 
where they are as depicted. 



where Ti denotes the Gk-tree for 1„ obtained from T by replacing f by fi (i ^ 1,2 ), 
see Figured 



In our proofs, we shall use combinations of these relations in many places, and 
will always refer to them as Calculus of Claspers. 

Claspers also satisfy relations analogous to the AS, IHX and STU relations for 
Jacobi diagrams [T]. 



Lemma 3.3. (AS). Let T and T' be two Gk-graphs for 1„ which differ only in a 
small ball as depicted in Figure[ 



Then (1„)t ■ (In)T' '^^^ U 



^For example, the clasper Gu of Figure [331 is obtained from Gt by sliding a leaf over another 
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Figure 3.3. The AS, IHX and STU relations. 



(IHX). Let Tj, Th and Tx he three Ck-graphs for 1„ which differ only in a small 

ball as depicted in Figure [KM Then (ln)T/ (Iri)Tff • (In)TY- 

(STU). Let Gs, Gt and Gjj he three Ck-graphs for 1„ which differ only in a 

small ball as depicted in Figure [STSi Then (1„)g's ' (IrOcr (IrOcu- 



In the rest of the paper, we wiU simply refer to Lemma 13.31 as the AS, IHX 
and STU relations. In some cases, it will be convenient to also use the following 
terminology. If e denote the edge of a graph clasper Gs (resp. if / and /' denote 
the leaves of Gt or Gu) as in Figure [331 we will sometimes say that wc apply the 
STU relation at the edge e (resp. at the leaves / and /') when applying Lemma 

msTU). 

Note that the STU relation stated above differs by a sign from the STU relation 
for Jacobi diagrams. Note also that, in contrast to the Jacobi diagram case, it only 
holds among connected claspers. 

We conclude this subsection with an additional lemma which will be used later. 
We first need a couple of extra notation. 

Let k > 2 and I G {1, k} be integers. Denote by Bk{l) the set of all bijections 
a : {!,..., A: - 1} — > {l,...,k} \ {1} such that a(l) < a{k - 1). We denote by 
id G Bk{l) the element which maps i to itself if 1 < i < ^, and to i + 1 otherwise. 
For each a € Bk{l), let Ta{l) and Ta{l) denote the Cfe-trees for 1^ represented in 
Figure !?^ Denote respectively by Ba{l) and Ba{l) the fc-string links obtained from 
In by surgery along Tail) and Tail). 




Tad) 




TJl) 



Figure 3.4. The Cfc-trccs T^il) and T^il). 



Lemma 3.4. Let k > 2 and I G {!,..., A:} he integers. For any a G Bk{l) and 
any integer I' (1 < I' < k, I' ^ /), there is a hijection /? G Bk{l') such that 

Bail) ■ {B-aii)y' """^^ Bpiv) ■ im'))~\ 

Proof. Observe that T^il) and T^il) are identical except in a 3-ball where they 
look exactly like Gt and Gu in Figure 13.31 So by the STU relation we have 

Bail) ■ {Bail)) ~ Igj where G is a Cfc-graph intersecting each component of 
Ifc once. Note that G has one loop, and that each leaf of G is connected to the 
loop by a single edge. So for each 1 < < fc we can apply the STU relation at the 
edge of G which is attached to the leaf intersecting the Tth component of Ife. This 
gives the desired formula. □ 
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3.3. fc-additivity. We now introduce the notion of fc-additivity of a string link 
invariant. 

Definition 2. Let k,n > 1 be integers. We say that an invariant v : SC{n) Z 
is k-additive if for every a G SC{n) and every a' G SCk{n), we have v(a ■ a') ~ 
v{(j) + v{cr'). 

Note that a string hnk invariant is additive if and only if it is 1-additive. Note 
also that for k > I, the /-additivity implies the fc-additivity. We now show that all 
the invariants involved in our classification results are fc- additive for some k. 

First, Milnor invariants of length \I\ = k are (fc — l)-additive. This follows 
from Milnor invariants' additivity property [26l Lem. 3.3] and the fact that Milnor 
invariants of length fc are Cfc-equivalence invariants |141 Thm. 7.2]. 

Now, observe that the plat closure of the product of two n-string links a -a' is just 
the connected sum of their plat closures. So it follows, by the multiplicativity of the 
Conway and HOMFLYPT polynomial (see Subsection 12. 1.3p . that /2 is 2-additive, 
/a is 3-additive. and fl and /f are both 4-additivc. 

Next we prove the following. 

Claim 3.5. Let a G SC{3), and a' G SCk{i) for an integer fc > 1. Then for each 

C'fc + i 



i = 0, 4, the closure ck oi a ■ a' satisfies cZ,;(cr • a' 
Proof of Claim\EIE By dH Thm. 3.17], we have a' 



union of simple Cfc-trees for 
have cli{a ■ a') = cli{a ■ (13)0) 



I3. Let i G 

C'fc + i 



{0,...,4}. 

di{a ■ (13)0'), 



{dia)\ll{clia'). 

(13)0, where G is a disjoint 
Using Calculus of Claspers, we 

where G' is a union of Ct-trees 



for I3 which is contained in a tubular neighbourhood of the first strand. Clearly, 
we have cli{a ■ (13)01) ~ iclia)^{cli{l3)G')- On the other hand, it can be easily 



checked that cUa' = cli{l3)G "^^^ cZ,;(13)g'. This concludes the proof. □ 

It follows from Claim 13.51 and the multiplicativity of the Conway and HOM- 
FLYPT polynomial that V3 is 3-additive and that is a 4-additive invariant for 
i = 1,...,7. Similar arguments on the closures Ki (i = 1,2,3) show that each 



,7. 

invariant W, 



4j 



1, 2, 3 is also 4-additive. 



Finally, we can use Lemma 13^ 3) to show the following. 

Claim 3.6. Let a G SC{2), and <t' G SCk{2) for some integer fc > 1. Then for 

i = 1, 2 and for j = 0, 4, we have clj{Ai{a ■ a')) ^ clj {Aia)'iclj (Aia') . 

Proof of Claim fX^ As in the previous proof, we have cr' = (12)0 for a disjoint 
union G of simple C^-trees for I2. For simplicity, we give here the proof on a 
simple example, namely in the case where i — 1 and where G is (say) a copy of 
the C4-tree s represented on the left-hand side of Figure 13.51 (The general case is 
proved by strictly similar arguments). Starting with s, doubling the first component 



Q- 



f 



CiTp- 



Cjj>- 
1 1 I2 



-o 

4 
J, 



o 



-o 



1 1 2 



A A A 
-0 o-!- 

-4 

cp- 
3 1 1 1 2 



-<b 



-0 



2I 31 
■S4 



Figure 3.5. Doubling the first component of I2 and splitting the leaves. 

of I2 yields a C4-trec s' for I3 as illustrated in Figure 1X51 We apply Lemma [X^ 3) 

repeatedly, to decompose s' into simple C4-trees. This gives (la),,/ ^ ni<i<4(-'-3)si ; 
where Si is a simple C4-tree for I3 as illustrated in Figure [X5l i = 1,2,3,4. The 
result then follows by Claim [XSl □ 
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This claim implies that /f , and /I are also 4-additive invariants. 

3.4. The clasper index. Let G be a simple C^-graph for an n-string link a. We 
call a leaf of G an i-leaf if it intersects the ith component of a. The index of G is the 
collection of all integers i such that G contains an i-leaf, counted with multiplicities. 
For example, a simple Ca-tree of index {2, 3*-^\ 5} for a intersects twice component 
3 and once components 2 and 5 (and is disjoint from all other components of cr). 
We will need the following lemma. 

Lemma 3.7. For k > 3, let T be a simple Ck-tree of index {i, j''"^} for an n-string 
link a, 1 < i, j < n. Then gt is Ck+i- equivalent to a string link a' which is obtained 
from a by surgery along Ck-trees with index {i^^\ ■ 

Proof. For simplicity we prove the lemma for a ~ 1„. For an arbitrary cr, the 
proof is strictly similar (using the fact that there exists a tree clasper C such that 
= (l„)c)- Pick a node of T which is connected to two j-leaves / and /'. Travelling 
along the jth component of 1„ from / to /', we meet in order m j-leaves /i, 
fm- The proof is by induction on the number m of leaves separating / and /'. 

If m = 0, then using Calculus of Claspers we may assume that there exists a 
3-ball which intersects T as on the left-hand side of Figure 13.61 By the IHX and 

STU relations, we have It Igj where G is a simple G^-graph with one loop 
and with index as illustrated in Figure [2111 We now prove that any 




Figure 3.6. 



simple Gfc-graph G for 1„ with one loop and with index ^■'} satisfies 

(3.1) (1„)C ""'^^ (ln)F, 

where F is a disjoint union of simple Gfe-trees for 1„ with index {j*-^-*, j*-*^^^-'}. In 
order to prove (j3.ip , observe that the unique i-leaf ^ of G is connected to the loop 
7 of G by a path P of edges and nodes. We proceed by induction on the number n 
of nodes in P. For n ~ 0, applying the STU relation at the edge connecting I to 7 
proves the claim. For an arbitrary n > 1, applying the IHX relation at the edge of 

Cfc 1 

P which is incident to 7 gives Ic ~ Ic ■ Ic'S where G' and G" are two simple 
Gfc-graphs with a unique z-leaf connected to a loop by a path with (n — 1) nodes. 
Equation (|3.ip then follows from the induction hypothesis. 

Now suppose that / and /' are separated by m j-leavcs /i, ... , fm {m> 1). We 

can apply the STU relation at the leaves fm and /' to obtain that It ^ 1t' ■ 1g, 
where T' is the G^-tree obtained by sliding fm over /' (so that the j-lcaves / and 
/' of T' are separated by to — 1 leaves jl, and where G is a simple G^-graph with 
one loop and with index {i,j^''~^''}- The result thus follows from (j3.ip and the 
induction hypothesis. □ 



'Abusing notation, wc still call / and /' the corresponding j-leavos of T' . 
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4. Proofs of the main results 

In this section we give the proofs of Theorems 12.21 12.41 and 12.51 The plan of 
proof is always the same and as follows. That (1) ^ (2) (4) is clear, so the core 
of the proof consists in showing that (4) =^ (1). This is done by giving an explicit 
representative for the Cfc-equivalence class (fc = 3, 4, 5) of an arbitrary 7i-string link, 
in terms of the invariants listed in (4). That (3) <^ (2) follows from the fact that 
the group SC{n)/C'k is torsion-free for /c = 3, 4, 5, which comes as a consequence of 
the fact that no torsion element appears in our representative. 

Before proceeding to the proofs, we summarize in Figure 14.11 for the reader's 
convenience, the various knots that will be used throughout the rest of this section. 
(We implicitly define the knots in Figure 14.11 as the results of surgery along the 
represented tree claspcrs for the unknot U). We will sometimes identify these 
knots with their images by the monoid isomorphism C{1) ^ SC{1). Also, for each 
knot K in Figure |4?T] and for any 1 < i < n, we will denote by Ki the n-string link 
obtained from 1„ by connected sum of a copy of K on the ith component. 




Figure 4.1. The knots T, H, X, A, B and C. 



4.1. Proof of Theorem 12.21 Let a G SC{n). By Murakami-Nakanishi's charac- 
terization of C2-equivalence |29| . we have that a is C2-equivalent to 

(4.1) ^(1):= n ^^'^'^ 

l<i<j<7i 

where Lij G SC{n) is obtained by surgery along the Ci-tree lij represented in Figure 
14.21 So a is obtained from ai^i-^ by surgery along Cfc-trecs (fc > 2). By Calculus of 

Claspers, this implies that a S (j^-j^^ . (7(2): where 

(4.2) a(2):= J] " H <^ ' IT f ' 

l<i<n l!^^<j^*^ l<2<j<fc<n 

for some integers ai, f3ij and jijk, where Ti, Wij and Bijk are n-string links obtained 
respectively from 1„ by surgery along the C2-trecs ti, Wij and bijk represented in 
Figure l4?2l Note that the closure of Ti, Wij and Bijk is the trefoil. Whitehead link 




Figure 4.2. The Ci-tree Uj and the C2-trees ti, Wij and hijk- 

and Borromean rings respectively. Note also that Wij = Wji (see for example [25l 
Fig. 6]). For a G SC{n), set (02)^(0-) = 02(0-4) (!<«<"-) and (/2)y (cr) = /2(o-i U 
<Tj) (1 <^,j< n). We have {a2UTj) = S,,j, {f2h{Tk) = 5,,k + hk, {hhi^ki) = 
^{i,j),[k,i) and A^Babc (u^) = ^(i,3,k),{a,b,c)i where 5 denotes the Kronecker delta. Using 
the fact that 02, /2 and fi{ijk) are all 2-additive, it follows that in (|4.2p we have 
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ai = (a2)i(o'(2)) = [a2)r{<j), 

Ai = (/2)y(CT(2)) - (a2)j(CT(2)) - (02)^(^(2)) = {f2)ij{(j) - (a2)j(cr) - {a2)^{a), 

and 7ijfe = tJ,a^2)i'^jf^) = /^^(ufc)- 
This concludes the proof. 

4.2. Proof of Theorem [HH Let cr e SC{n). From the proof of Theorem [T^ 

we have that a ^ cr(i) ■ cr(2) where cr(i) and (T(2) are given by (|4.ip and (|4.2p 
respectively, and the exponents ai, /3ij and in (|4.2p are uniquely determined 
by the invariants 02, /2 and fJ.(ijk) of cr. 

It follows, by Calculus of Claspers, that a ^ (T(x) ' f (2) ■ f (3) with 

CT(3) := (In)Gi • (ln)G2 ' •■• ' (IrOcjv, 

where, for each k, Gk is a simple Ca-tree for 1„. Set G = U^Gfe. By Lemma 
13. 7[ we may assume that each Gk in G has index {i^'^^}, or 
{i, j, fc, Z}, for some indices k, I G {1, n}. Let us consider each of these four 
cases successively. 

Index {i^'*^}: Let Fi C G denote the union of Gs-trces with index {i^^^}, for each 
i. By Calculus of Claspers we may assume that Fi lives in a tubular neighbourhood 
of the ith strand of 1„. Let Hi denote the n-string link obtained from 1„ by surgery 
along the Ga-tree hi represented in Figure [131 The knot obtained by closing the 
ith strand of H, is the knot H of Figure Ol By [TT] we know that h :== Po^\h) 
is nonzero. It thus follows from Theorem II. !( and the fact that Pq^' is the only 
degree 3 knot invariant, that (l„)Fi ~ {H,)^o''\'^(3))/h ^ 




hi hij X ij h ijk X ijk h ijki 



Figure 4.3. The Ga-trees hi, hij, Xij, hijk, Xijk and hijki- 

Index Fix i < j £ {!,... ,n}, and let Fij C G denote the union of 

Ga-trees with index By the AS and IHX relations we may assume that 

both ends of each Ga-tree in Fij are j-leaves. Hence we have 

(4.3) 

for some integers and bij , where Hij and Xij denote the n-string links obtained 
respectively from 1„ by surgery along the Ga-trees hij and Xij shown in Figure 

A direct computation shows that fJ-Hijiiijj) = I^XijiUjj) = 2, and clearly we 
have /i(i„)cp (Mjj) = for any Gp C G with index ^ {i^'^Kj^^^}- Now, for a 6 

SC{n) and 1 < fc < / < n, set {f3{^))k.i := /sK U<tO = P^^\akUai). By [T7j, we 
have 

{h{H..j))kj = 5{i,3), {k,l) ■ h and if3(X,j))k,i = 0. 
Also, we have (/a(Si))fcj = {5i^k + Sij) ■ h, and (.fa((ln)Gp))fe,; = for any Gp c G 
with index other than {fc^'^^}, {l'^'^^} or {fc'^',/'^'}. It follows that the integers ay 
and bij in (|4.3p are uniquely determined by the invariants Pq'^\ /a and fJ-iiijj) of 
o-(3)- 
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Index {i, J, A:*-^^}: Fix i,j,k £ {l,...,n} with i < j, and let Fijk C G denote 
the union of Ca-trees with index fc'^^}. By the AS and IHX relation we may 
assume that 

for some integers a^jk and (3ijk, where Hijk and Xijk denote the n-string links ob- 
tained respectively from 1„ by surgery along the Ca-trees /i^fc and Xijk represented 
in Figure l43l Note that Hijk and Xijk correspond to the string hnks Fid (3) and 
Vid{i) defined for Lemma [5T^ respectivelv (using Lemma[n21(2) for the second one). 
Thus by Lemma l3.41 the union i^(-3) := Uij^kFijk of all Ca-trees in G intersecting 3 
strands of 1„ satisfies 

(4.4) (1„);^,3, n iH,k^r'' ■ iH^k,)'''^' ■ {H.^kr^- ■ {X^.kY^^" 

l<i<j<k<n 

for some integers Uijk, hjk, Cijk and dijk- 

We have ^//^^^(ijfcfc) = fiXi^^iijkk) = 1 for all 1 < i,j,k < n with i < j, and 
M(i„)gp ~ foi' any Gp C G with index ^ k^^^}. 

For (J G SC{n) and l<i<j<k<n, set cV'^^{<t) :~ clz{(Ti U (Jj U Cfc) and 
{V3hk{<j) 1^3(cZp((T)). We have 

df (X,,,) S H and df (iJ.fc,) df (i?,fc.) S df (7?yfc) S X, 
where H and X are the two knots represented in Figure 14.11 Note that by the 

IHX relation we have X U. More generally, we compute the closures ctj'^ and 
invariants (Va)^^^ of the relevant ??-string links in Table [TJ 





cq^{a)/Ci 


(ya)yfe(a)/h 


Ha 




5aA + SaJ + 5a^k 


Hah {a < b) 


^*(a,b),(i,j) . J{^(a,b).(j,k) . Jf-^Ca.bj.Ci.fc) 


S{a,b),(i,j) + S{a,b),U,k) 


Xab {a < b) 


J{S(a,b).(i,k) . X^(''.>'1.('.3) ■ ^''("■'''■O''") 


S{a,b),{i,k) 


Habc {a <b < c) 


X^(''.i;c),{i.j.k) 





Xabc {a < b) 


ff^(a.b,c),{i.j,k) 


S(a,b,c),(iJ,k) 



Table 1. 



It follows that all exponents in (j4.4p are uniquely determined by the invariants 
f ai 

Po I /s, V3 and niijkk) (l < i,j,k < n ; i < j) of cr(a). 

Index {i,j,k,l}: By the IHX and AS relations, we may assume that the fc-lcaf 
and Weaf of any Ca-tree C C G with index {i,j, k,l} {i < j < k < I) are its two 
ends. More precisely, the union ^(4) C G of all Ca-trees intersecting 4 distinct 
components of 1„ satisfies 

n (^..H)""<^>^''''^-(i?,.fci)'^"<^'''''^ 

l<i<j<k<l<n 

where Hijki denotes the rt-string link obtained from !„ by surgery along the Ca-trees 
hijki represented in Figure 14.31 This follows from the fact that fJ,Hijki {'>-' i'k'V) = 
S{i.j,k,i),{i' ,j' -k' ,1') [23 US]. So we have shown that (T(3) is C4-equivalent to 

(4.5) i[{H,r'-i[(H,,r^-{x,,)'^-^-i[{H,,kr^''- n (x,,.)^--.n(i?.,M)°---, 

i i<j i<j i<j<k i,j 

k k<l 
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where the exponents are integers determined uniquely by the invariants Pq , 
and V3, and Milnor invariants ^J■{^^jj) (1 < * < j < n), ^{ijkk) {1 < i, j, k < n ; 
i < j) and iJ.{ijkl) {1 < i, j < k < I < n) oi o-(3)- The result follows from the fact 
that all the above-listed invariants arc 3-additivc. 

Remark 4.1. It appears from the proof of Theorem 12.41 (case of index {i^^-*, j^^-*} 
trees) that we can replace, in the statement, 'all' invariants V3 of a and a' by 
(only) the invariants {V3)ijk for l<i<j<k<n. Indeed, only those, among all 
invariants {V3)ijk, are used to determine the value of the exponents in (|4.4p . 

4.3. Proof of Theorem 12.51 Before proving Theorem l2.5l we investigate individ- 
ually the case of n-striiig links for n = 1, 2, 3 and 4. We start by reviewing briefly 
the case n = 1, that is, the knot case. 

4.3.1. The knot case. It is well known that there exists essentially two linearly 
independent finite type knots invariants of degree 4, namely 04 and -Pq^^ 

For an element a of the symmetric group 53, denote by the knot obtained 
from the unknot U by surgery along the C4-tree ka represented in Figure im Note 
that Kid, ^(13) and K(^i2) are the three knots A, B and C illustrated in FigurcSHfl 
By the AS and IHX relations, the abclian group SCi{l) / is generated by these 
sixelements A'q, a G S'3. Further, by using the IHX and STU relations we observe 
that 

(4.6) K(^i2)^ K(23)^^ U and if(i3) ~ ^^(123) ^^^(132)- 

(In particular, we have that the knot C of Figure O satisfies C - C/.) This shows 
that 5£4(1)/C5 is generated by the two knots A = Kid and B = A'(i3) of Figure 
14.11 By using [31] and [l7j, we have that 

a4(A)=0 and ai{B) = ±2, 

P^'^\A) = ±4!.24 and P^'^\b) = 0. 

Set a P^^\A) and b := a4(_B). The C5 -equivalence class of a knot K is thus 
determined by its degree < 4 invariants as follows 

where T and H are given in Figure [47T] 

4.3.2. The 2-component case. We aim to prove the following particular case of 
Theorem EH 

Lemma 4.2. Let a, a' e SCii{2). Then a and a' are C^-equivalent if and only if 
they share all knots invariants of degree 4 and the five invariants f\ (i = 1, 5). 

Note that there is no nontrivial Milnor invariant of length 5 for 2-string links [H] • 

Proof of Lemma Let a E SC4{2). By Calculus of Claspers and Subsection 

1=1 

where is a disjoint union of simple C4-trees for I2 with at least one 1-leaf and 
one 2-leaf. Note that by Lemma [3.71 we may assume that each C4-tree in F has 
index {l(2),2(3)} or {l(3),22)}. It follows, by the IHX relation, that the abelian 
group SCi{2)/Cz is generated by Ai, Bi {i ~ 1,2) and the 2-string links ct^ and 



Here, and in the rest of the paper, we denote by id the identity element of the symmetric 
group. 
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cr^ obtained from I2 by surgery along the C4-trees s]^ and represented in Figure 
EKa e S3). 




Figure 4.4. The C4-trees ka, s]^ and ; a £ S3. 



We can use the AS and STU relations to prove the following relations {i = 1,2): 

<^{12) ~ ^Id ■ (12)50 ' '''(23) ^Id ■ (12)51, 
^'■(123) '''(23) ■ (12)32 I '''(132) ^ ^\l2) ' (l2)g2i 
"'(13) "'(123) ■ (12)3,3: 

where gu [k ~ 0, 1, 2, 3) is the C4-graph represented in Figure [T5l By applying the 
STU relation at an edge of gk that connects its loop to a 2-leaf, we can express (12)9^ 
as a product of s^'s. So the relations above imply that for any a G S'3 \ {/d}, the 
string link s\ is generated in SC4,{2)/Cz by sj^ and the sj^'s. Further, one can easily 

check using the IHX relation that (12)90 ~' (12)91- This implies that ''■(^2) ^ "^(^23)' 

and thus (by the above relations) that o'(\23) ^ "^(132) ■ 

So SC4^(2)/C^ is generated by the five elements a}^, "'(^2)' "^[123)' '-'^(^3) ^'^'^ '-^'id- 




80 8\ 81 83 



Figure 4.5. The C4-graphs gi ; i = 0,1, 2, 3. 



We introduced in Subsection 12.31 three different ways of closing a 2-string link 
a into a knot, namely by taking the plat closure and by taking the closure cIq 
(resp. cli) in Figure [2T] of the 3-string link Aicr, resp. A2cr, obtained from a by 
doubling the first, resp. second component. In particular if cr G SC4{2)/Cz, the 
resulting knot is an element of 5£4(1)/C5, and can be expressed in terms of the 
generators A and B given in Subsection 14.3.11 We collect the results in Table [H 
This is straightforward for the plat closure case, and uses the fact that the knot 

C given in Figure WJ\ satisfies C '-^ U. (This fact is also used for Table |H) For 
the two latter cases, the computations make use of Calculus of Claspcrs, and in 
particular it makes use of Lemma 13.2( 3). For example, let us explain here the 
computation for clQ{Aial^). Observe that s^j^ is precisely the C4-tree represented 
on the left-hand side of Figure [?75l So, doubling the first component of I2 yields the 
Ca-tree s' for I3 represented in this figure, which as shown in Subsection 13 . 31 satisfies 
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a 


'^Id ^\l2) '''(123) "'(13) ^id 


do(AiCT)/C5 
di(A2a)/C5 


A U B B A 
A^ ■ B-^ B~^ B^ A~^ -B^ A-^ ■ 2B 
A^-B^ A-B^ A-B"^ B^ A^ ■ B-^ 



Table 2. 



(13)5' ^ ni<i<4(l3)si' where Si is as illustrated in Figure [X5l (i = 1,2,3,4). Using 
Claim [331 we have 

Ck (n(l3k) S'ndo((l3k). 

\i=l / 1=1 

By an isotopy, we see that cZq ((13)^1 ) = Uf , where k' is a C4-tree for U represented 

in Figure ESI As shown there, wc have Uk' ~ (C^s(i3))~^ ~ using Lemma 
1X^2). 




For i = 2, 3, 4, a simple isotopy shows that cZq ((13)^;) = A. 

Recall that a = P^^\A) and b = ai{B). Table [3] follows immediately from the 
definitions of the invariants (i = 1, 5) and the computations given in Tabled! 
The 5x5 matrix given by the entries of Table [3] having rank 5, wc obtain that the 



cr 


'^^d 


'^('12) 


"'(^23) 


^('13) 


<^'td 


/i('T)/b 








1 


1 





/l('^)/a 


1 











1 


fKcr)/h 


-1 


-1 


3 


3 


2 




3 








-1 


4 


/l('^)/a 


4 


1 


1 





3 



Table 3. 



five invariants /| {i ~ 1, 5) (together with the knot invariants and Pq ) do 
classify the abelian group 5£4(2)/C5, thus completing the proof of the lemma. □ 

Remark 4.3. The number of linearly independent finite type 2-string link invariants 
of degree 4 has been computed by Bar-Natan In particular, there are 10 linearly 
independent such invariants which do not have a factor coming from a single knot 
component, see [3 §2.3.4]. Half of them come from products of lower degrees 
invariants (namely /i(12)^, //(12)2/2, /^(12)/3, /i(12)/i(1122) and (/2)2) and the 
remainning five are the invariants /I (i = 1, 5). 
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4.3.3. The 3-component case. In this subsection we prove the following lemma. 

Lemma 4.4. Let a, a' G 5/^4(3). Then a and a' are C^-equivalent if and only 
if they share all knots invariants of degree 4, all invariants f\ ('I < i < 5 all 
invariants Vl (I < j < 7), and all Milnor invariants fxiiiijk) and fj,{ijjkk) (I < 
hj, k<n ; j < k). 

Proof of Lemma \4-4\ Let a G SCi{'i). By Calculus of Claspcrs and subsections 
I4XT] and WJ3 above, 

(4.7) a^^a.(l3)B-(l3)F, 

where tj is determined uniquely by the invariants 04, Pq^'' and /| (1 < i < 5) of 
(T, and where E, resp. F , is a disjoint union of simple C4-trecs for I3 with index 
resp. {i, (1 < fc < n). 

For a G 5*3, denote by t/^, U'^ Vq, and the 3-string links obtained 
from I3 by surgery along the C4-trecs Ua, u'^, u'^, v^, v'^ and v'^ represented in 
Figure |L7l 



*i 
Q-L- 



2I3 




LZTTj 

2 I 3 



o- 



-6 



1121 



Figure 4.7. The C4-trees Ua, u'^, u'^, Va, v'^ and v[ 



Set U := {Ua, K, \ a G S3} and V := {Va,V^,V^' \ a G S3}. By Calculus of 
Claspcrs and the AS and IHX relations, we have that the Cs-equivalence class of 
(Is)^;, resp. of (13)f, is generated by U, resp. by V. So (|4.7p can be rewritten as 

(4.8) a s a • n iu.r- ■ {KT'- ■ (Kr- ■ {VaT- ■ {vy- ■ 

for some integers TOq,, m^, m^, tIq,, and n'^. 

We first consider the set V C 5/^4(3). We have the following 

Claim 4.5. Any element L of V satisfies L ~ L^^^ -L^^^ where L'-^-' is obtained from 
I3 by surgery along C4-trees of index {i,j'-^^\ fc'^'} and where L'--^^ is generated by 
the elements 

Ii:=Vm, l2:=K'„ h^^Vi:,. 

Proof of Claim [775[ Let us consider the case of the 6 elements Va [a G 6*3). For 

a = (12), the STU relation gives V(i2) ^ Ii ■ (13)24 , where C4 is the C4-graph 
represented in Figure 14.81 The claim thus follows, by using the STU relation to 
express (13)03 as a product (13)t ■ (13)t' for two C4-trees T and T' with index 
{1^^^ 2, 3^^^}. The same argument can be apphed for any a G 5*3, as Va is related 
to Vid by successive applications of the STU relation. By symmetry, the case of 
elements Va and Va is also strictly similar. □ 

Now, observe that the 3-string links Ii, I = 1,2,3, are distinguished by Milnor 
invariants. More precisely, for all 1 < i, j, k < 3 with j < k, we have fiii{iiijk) = 
±Si^i. Note also that ^i^{ijjkk) ~ 0. 
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So there remains to classify the 18 elements of U C SC4{3). The following 
relations among elements of U can be proved using the AS, IHX and STU relations. 



U{123) ■ {U{13))~^ 
Uid ■ {U(23))'^ 
U(123) ■ (^(13)) ^ 

uL ■ {u[^3)r' 

Uid ■ {U{i2))~^ ■ ([^(132))""^ • C/(13) 



U'i'd • {U(23)) ^' 
^("l23) ■ (^("l3)) ^' 

{U'i'd) ^ ■ U'^y2) ■ ^(132) ■ (^(13)) ^ 
(^(123)) ^ ' ^("l2) ' ^("l32) ' (^(23)) ' 
^(123) ■ (^(12)) ^■(^(132)) ^■^(23)- 



More precisely, the first relation is obtained as follows. Consider the C4-graph Cq 
represented in Figure [4?8l By applying the STU relation to the edge incident to the 

1-leaf of Co, we have (In)co ^ (^/d)^^ ' ^(23)- ^ow, it follows from the IHX relation 
that (In)co (In)cij where ci is shown in Figure [4?8l and on the other hand the 

STU relation can be used to show that (In)ci ^ (t^(i23))~^ ■ ^(13)j which implies 
the desired relation. The next four relations are proved strictly similarly by using 
respectively the C4-graphs C2, C3, C4 and C5 of Figure 14751 in place of ci. 



CO 



-o 
I 



C2 



C3 



O 



C4 




Figure 4.8. The C4-graphs d, 1 < i < 5. 



Also, wc can use the Cj-graphs di and d2 of Figure 14.91 in a similar way (that 
is, by applying the STU relation in two different way) to obtain the additional two 
relations. 

C5 



U(12) • ^(132) 
U(12) ■ (^("l32)) ^ 



t^(12) • t^(132) 

^(12) ■ (^(132)) ^ 



Finally let us show that 



(4.9) f/("i32) ^ (t^(12))-'-t/(12)- 

To prove (|4.9p . we need the following lemma, which can be easily derived from the 
proof of [TT, Prop. 4.4]. 

Lemma 4.6. Let Gs he a Ck-graph for 1„, and let Gt and Gjj be the unions of 
two tree claspers which differ from Gs only in a small ball as depicted in Figure 
\3.S\. where the two leaves of Gt, resp. Gjj, are from different components. Then 

{ln)Gs "^^^ ((In)GT) ^ ' (IrOciyi whcre ((In)^!,) ^ denotes the (formal) inverse 
of {ln)GT ''^ abelian group SCk{n)/Ck+i- 



Observe that, by the AS relation and Calculus of Claspers, we have U'^'^^^- 
where T is the C4-trec represented in Figure HUl We have 



C5 



Lt If ■ {iF'r' If • (If")" 



■1/ 



(l^^O 'S5(C/(i2))-'-C/(i2), 



where F, F' and F" are as shown in Figure !?!^ Here, the first and third equivalence 
follow from Lemma 14.61 and isotopies, and (1f')~^i resp. {lF")~^^ denotes the 
inverse of resp. in SC{4)/Cz. 
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d\ dl T F F' F" 



Figure 4.9. 

So wc obtain that U is generated by the foUowing 10 elements: U'j'^, ^(12)' ^(123)' 
^(23)' ^("13)' f^(i2)> t^(i23)j t^i'd a-nd U'^^^y In order to show that they are Unearly 
independent, we make use of Milnor invariants ^{ijjkk) {1 < i,j,k < 3 ; j < k) 
and the invariants {i ~ 1, 7) defined in Subsection 12.41 We compute the C5- 
equivalence classes of the closures clj {j = 1, ...,4) of the 10 elements listed above 
in a similar way as for Table [2l These computations arc summarized in Table [4l 
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u 






u 



Table 4. 



From Table [Hand the definitions of the invariants, we obtain the desired compu- 
tations, as given in TableO The matrix given by this table has rank 10, which shows 
that any element generated by U is uniquely determined by the invariants listed in 
the table. It follows that Milnor invariants fi^{iiijk) and fia-{ijjkk) (1 < i, j. A: < 3 , 
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TI" 
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y7(a)/a 
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-1 















Table 5. 



j < k), and the invariants ^4 (1 < i < 7) of cr determine uniquely all the exponents 
in (|4.8p . The lemma then follows from the 4-additivity of these invariants. □ 

4.3.4. The A-component case. Let a G SCi{A). We proceed as in the previous 
subsections to construct a representative of the Cs-equivalence class of a. 
By Calculus of Claspers and subsections 14. 3. ll to 14.3. 3[ we have 
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where a is uniquely determined by the invariants of a hsted in Lemma 14.41 and 
where P is a disjoint union of simple C4-trees for I4 with index {i,j,k,l^^^} (1 < 
< 4). By the IHX relation, we may assume that each C4-tree in P is 
linear and that its ends are the two Z-leaves. Recall from Subsection 13 . 21 that B4{k) 
(1 < fc < 4) is the set of all bijections r from {!,..., 3} to {!,... ,4} \ {k} such 
that t(1) < r(3). By Lemma f3.41 there exists integers iria {a G ^4(4)) and nia^k 
(1 < fc < 4 and a G B4{k)) such that 

4 

(4.10) (i4)p^= n mw^-li n (5a(fc)r°^ 

where the string links Ba{k) and Ba{k) are defined in Figure [331 

For T e Bi{k), set /i^ := /x(r(l), r(2), r(3), fc, A:). Then for any 1 < Z < 4 and 
T] e Bi{l), we have (see [Ml §4]): 

llr{Ba{k)) = fir{Ba{k)) = Sa,r- 

Observe that, by definition, 64(4) is just the subgroup {id, (12), (23)} of S3. One 
can check that the closures KiCj and KiCj of the six 4-string links i3o,(4), i?a(4) 
(a G ^4(4)) are given in Table [HI (1 < i,j < 3). We thus obtain the values of the 
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B^d{4.) 
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5(23) (4) 
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Table 6. 



invariants (t e ^4(4)) and Wl [i = 1,2,3) as in Table |7l Clearly, the matriw 
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given by the entries of Table [71 has rank 6. This implies that all exponents in (|4.10p 
are uniquely determined by Milnor invariants ^^{jikll) (1 < i,j,k,l < A ; j < k) 
and all invariants of ct {i = 1, 2, 3), and thus proves the result by the 4-additivity 
of these invariants. 

4.3.5. Proof of Theorem \2.5l We now prove Theorem 12.51 in the general case. 

Given a G SC{n), we know from the proof of Theorem l2.2l that a is C4-equivalent 
to (7(2) ■ "■(3) I where (T(-2) and (T(3) are given by (|4.2p and (|4.5p respectively. 

By Calculus of Claspers, a ^ (T(2) ■ (^(^3) ■ (T(4) , where (7(4) is obtained from 1„ by 
surgery along a union of C4-trees. More precisely, 

5 

C5 TT i 
(7(4) 11^(4), 

i=l 
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where for each i = 1,...,5, the n-string hnk tr^^^ is obtained from 1„ by surgery 
along a union of C4-trees that each intersect i distinct components of 1„. 

By subsections 14.3.11 to 14. 3. 41 we can determine exphcitly ct^^^ for 1 < i < 4 using 

all invariants a4, pI^'^\ /I (1 < i < 5), Vi (1 < j < 7) and (1 < /c < 3) of 
a, and all Milnor invariants ii^{iiijk), fia-iijjkk) and ^^^(jikll) (1 < i,j,k,l < n ; 
j < k). (Using the fact that all these invariants are 4-additivc). 

Now, it is easy to see that Milnor invariants fj,(ijklm) {l<i,j,k<l<m< n) 
do classify n-string links of the form (ln)T for T a C4-tree intersecting 5 distinct 
components of 1„. Indeed, if T has index / = {i,j,k,l, m} {1 < i, j, k < I < m < n), 
we may assume by the IXH relation that T is linear, and that the ends arc the Z-leaf 
and m-leaf. Then for every multi-index /' = i'j'k'l'm' (1 < i',j', k' < I' < m' < n) 
we have = ±i5/j', see [5S1[TH]. Since these Milnor invariants are 4-additive, 

the proof is completed. 

5. Finite type concordance invariants 

In this section, we define the equivalence relation on string links generated by 
Cfe-moves and concordance, called Cfc-concordance. We show that finite type con- 
cordance invariants classify string links up to Cfc-concordance for k < 6. 

5.1. Cfc-concordance. Recall that two n-string links a, a' are concordant if there 
is an embedding 

/ : (UlLi/,) xI^{D'xl)xI 

such that /((UjLi/,) x {0}) = a and /((Uj^i/i) x {1}) = a', and such that 
/ (9(U"^j^ Jj) X J) = {da) X /. String link concordance is an equivalence relation, 
and is denoted by ^. 

In order to study finite type concordance invariants, it is natural to consider the 
following. 

Definition 3. Let fc,n > 1 be integers. Two n-string links a, a' are Ck-concordant 
if there is a sequence a = ctq, cri, cr„j = a' such that for each i > 1, either 

Ci '^^^ CTi+i or (7i (Ji+i- Wc denote the Cfc-concordancc relation by "^i^*^. 

Clearly, two Cfc-concordant string links share all finite type concordance invari- 
ants of degree less than k. It is thus natural to ask the following. 

Question. Let a, a' G SC{n). Do we have 

a '^i^'^ a' ■(=)■ They share all finite type concordance invariants of degree < k ? 

We give a positive answer to this question for fc < 6 in Subsection 15.41 
It is known that Milnor invariants are concordance invariants |4j. So by [14|, 
Thm. 7.1], is a Cfc-concordancc invariant for any J with \J\ < k. Habegger 

and Masbaum showed that all rational finite type concordance invariants of string 
links arc given by Milnor invariants via the Kontsevich integral |13j . 

5.2. The ordered index. In order to study Cfc-concordance for string links, we 
use the notion of ordered index of a Cfc-tree. 

Definition 4. Let i be a linear Cfc-tree with ends /o, /fc- Since f is a disk, we can 
travel from /o to /fc along dt so that we meet all other leaves /i, fk-i in this order. 
If fs is an is-leal (s = 0, fc), we can consider two vectors {io, ik) and (ik, ■■■,io) 
and may assume that (io,...,«fc) < (ifc,...,zo), where '<' is the lexicographic order 
in Z'^'^^. Wc call {io, ...jik) the ordered index of t and denote it by o-index(i). 

By Calculus of Claspers and AS, IHX, STU relations, we have the following. 
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Lemma 5.1. (1) Let t and t' be linear Ck-trees for 1„ with same ordered index. 

Then there are Ck-graphs gi, (7m with loops such that {ln)t' (ln)t 'ni(-'-n)9i 
for some e = ±1. 

(2) Let t be a linear Ck-tree (fc > 3) for 1„ with o-index[t) = (zq, ifc). // 
if) = ii or ik-i = ik, then there are Ck-graphs gi,...,gjn with loops such that 

(In)*""-" n.(ln)..- 

(3) Let t be a linear Ck-tree [k > 2) for 1„ with o-index{t) ~ (iQ,...,ik). If 
(io, ■■■,ik) ~ {iki •■•,*o) o.i^d k is even, then there are Ck-graphs gi, ■■■,gm with loops 

such that {{ln)t? n.(ln)ft- 

Before proving this lemma, we need the following definition. A Cfc-tree for 1„ 
is planar if it ean be represented, in the usual diagram of 1„, by a tree clasper 
without any crossing among the edges and with edges overpassing all components 
of 1„ up to isotopy. 

Proof of Lemma \5.1\ Statements (1) and (2) follow from similar arguments as for 
Lemma [X71 For (1), observe that t can be deformed into t' by crossing changes and 
sliding leaves. By the STU relation, if c' is obtained from a Cfc-tree c for 1„ by a 

1 

sliding a leaf, we have (l„)c ~ (In)c' • {^n)g for some Cfc-graph g with loop. For 
(2), use the IHX and STU relation as in the proof of Lemma [3771 

For simplicity, we show (3) in the case where t is planar and both ends of t are n- 
leaves. By assumption the o-index(<) has the form (io, *fc/2-i7 *fc/2' *fe/2-ii *o)- 
We may assume that the axis a of the edge incident to the ifc/2"l6af of t is transverse 
to each component of up to isotopy. Let t be obtained by 180-degree rotation 
of t around a fixing the leaves. By sliding the leaves of i repeatedly, we can deform 
it into a planar Cfc-tree 1 which only differs from t by a half-twist on each edge 

C'fc 1 

incident to a leaf. By the observation above, the STU relation gives that (Iri)t ^ 
(l„)t J|j(l„)g. for some union gi,.-.,gm of Cfc-graphs with loops. On the other 

hand, by Lemma [5T^ 2) we have (!«)*) • (Iri)t ~ l"- The result follows. □ 

It is known that surgery along graphs with loop implies concordance. 
Lemma 5.2. f|Sl[H]y' Lst g be a Ck-graph with loop for 1„. Then {ln)g ^ In- 

There are in general many linear Cfc-trees with same ordered index, so T(io, ik) 
is not determined by the o-index. For each o- index {io, ■■■,ik), we choose one string 
link T{io, ■■■,ik) obtained from 1„ by surgery along a linear Cfc-tree with o-index 
{io,...,ik), and fix it. We note that by Lemmas 15.11 (1) and 15.21 there are essen- 
tially two choices in SC{n)/ {Ck+i + c) for each o-index, namely r(io,...,jfc) and 
r(io, ...,Zfc)"^ 

The next lemma can be obtained using the calculation method in [361 Rem. 5.3]. 

Lemma 5.3. Let a be an n-string link obtained from 1„ by surgery along a linear 
Ck-tree with o-index I = (iq, ik)- If {*o, ik} H {ii, Zfc_i} = 0, then we have: 

(1) If{io, ■■■,ik) ^ (ik, ■•■,io), then for any J = ioji-.-jk-iik, lJ-a{J) = ±Sij. 

(2) If {if), ik) = (jfc, io) o,nd k is an odd number 2m -f 1, i.e., (io, ik) = 
(io, ...,im,im, •■•,io), then for any J = ioji...jk-iio, HaiJ) = ±'2,Sij. 

(3) If {io, ...,ik) = (ifc,...,io) and k is an even number 2m, i.e., (io,...,ifc) = 
(io, io); then the Milnor invariants of a with length < k vanish, 
and for any J = ioji...j2mio, 

f j\ J -^^ ^/ (jl 1 • ■ ■ 1 J2m) — (^1; ^m — 1; ; ^m; ^m — 1; ■■■5 ^l) 

f^(7\ ) S Q otherwise 



24 



J.B. MEILHAN AND A. YASUHARA 



Remark 5.4. It follows in particular from (2) that Milnor invariants (mod 2) 
with / = (zq, *m, 'irn, *o) ^^le Cfc+i -equivalence invariance {k ~ 2m + 1). 

5.3. Cfc-concordance for knots. In this Subsection we give a classification of 
knots up to Cfc -concordance. 

Recall that T{iii) is a fixed n-string link obtained from the trivial 1-string link 
1 by surgery along a linear C2-tree with o-index Note that this tree can 

be chosen to be the C2-tree ti represented in Figure 14.21 in which case the closure 
of the zth component of Tiiii) is the right-handed trefoil. For ?i = 1, we simply 
denote r(lll) by T. 

Lemma 5.5. Let a be a 1-string link. For any integer k > 3, there is a union 
G of disjoint graph claspers with loops for 1„ such that a ■ (ln)G for some 

ee{0,l}. 

Proof. We proceed by induction on k. For fc = 3, by Lemma [STT] (1) (or Theorem 

Iz.zl) . we have cr - for some integer x. By Lemma l5. II (3), there is a union g of 

C2-graph with loop such that ^ (l)cc (Actually, it is easy to check using the 
AS and STU relations that in this case g is connected). Hence we have 

C3 / T • ((i)g)(^Wbl)/2 if a; is odd, 

^ [ ((l)g)"/" if a; is even. 

Now suppose that there is a union gi, gm of disjoint graph claspers with loops 

for 1„ such that a ^ ■ Yli{ln)gi- Hence a is obtained from • ni(l")si ^y 
surgery along linear Cfe-trecs. Since any linear C/c-trec for a 1-string link has o- 
index (1, 1), by Lemma [5TT] (2), we have that there are Cfc-graphs hi, hi with 

loops for 1„ such that a '^^^ ■ ni(l")ffi ' 'n.ji^n)hj- □ 

We prove the following. 

Theorem 5.6. For an integer fc > 3, two knots K and K' are Ck-concordant if 
and only if kvi{K) = Arf(A"). 

Recall that any knot is C2-equivalent to the trivial one [55]. 

Proof. Let a and a' be 1-string links whose closures are K and K' respectively. 
By Lemma TS.S) there are graph claspers gi,...,gm and g'i,...,g'i with loops for 1„ 

such that a^ri ■ HillrOff. and cr' ~ T^' . Y{j{Wg', for some e, e' £ {0, 1}. So by 

LemmaEa cr - and a' - . Since the Arf invariant is a Cfe-concordance 
invariant [32], and since Arf(T) = 1, we have Aii{K) = e and Arf (if) = e' . This 
completes the proof. □ 

Remark 5.7. This result is also proved in jS^, using different methods. Another 
(non-direct) proof can also be obtained by combining Theorem II . 1 1 and [30j . 

5.4. Cfc-concordance for string links. In this section, we give classifications 
for 71-string links up to Cfc-concordance (fc = 3,4,5,6). For each fc > 0, the set 
of Cfc-concordance classes forms a group. In order to give these classifications, 
we give a representative of the Cfe-concordance class of an arbitrary n-string link 
in terms of the generators T{iii) {I < i < n) and r(/)'s, where / contains at 
least 2 distinct integers. More precisely, we will show that any string link is Cfe- 
concordant to Yii T {iii)"-^'^'' ■ Y[j T{I)''^^'> where a{i) and b{I) are determined by the 
Arf invariant and (mod 2) Milnor invariants respectively. For fc = 3, 4, 5, we already 
have generators for the Cfe-equivalent classes, by the proofs of Theorems 12.21 12.41 
and 12.51 and we can choose the desired generators among them. We will introduce 
similar generators for k = 6. 
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We will give the classification results successively, as consequences of each step 
of our construction of a representative of the (Cg + c) -equivalence class of a string 
link. In particular, the various proofs are contained in this construction. 

Before starting the construction, we fix the convention below. 

Convention 5.8. (1). By Lemma 15.31 (1) and (2), we see that for each o-index 
/ = (io, ■■■,ik) with {io, ik} n {ii, ...,ik~i} = 0, we have fi'r{i){I) = ±1 or ±2. As 
mentioned before, we have essentially two choices for T{I) and T{I)^^ up to Ck+i- 
concordance. In this section, we chose T{I) so that ^t{I){I) is positive whenever 
/ satisfies Lemma 15.31 (1) or (2). (Note that for such a multi-index / we have 
fj.T{i)-^{I) = ^Mt(/)(^))- For example, T{ij) is the n-string link Lij obtained from 
In by surgery along the Ci-tree kj of Figure (1 < i < j <n). 

(2). When denoting o- indices, we will let distinct letters denote distinct integers 
unless otherwise specified. For example the set {{ijk)\l < i,j,k < n} of o-indices 
does not contain (in) {I <i < n). 

Let (7 be an n-string link. By |29| . we have that a is C2-equivalent to a string 
link 

l<i<j<n 

So a is obtained from cr(0) by surgery along linear C2-trees. So by Lemmas 15. II and 
I5.5[ there is a disjoint union Gi of C2-graphs with loops such that 

(5.1) aS^(0).a(l)-(l„)G,, 
where 

a(i)= n n r(wT^'''^- n Tiijky-^^^^^ 

l<i<n i<i<j<n l<i<j<k<n 

for some e{iii), e{jij) G {0, 1} and some integers x{ijk). Note that T{iii), T{jij) 
and T{ijk) are the n-string links T!;, Wji and Bijk introduced in Subsection 14.11 
obtained respectively from 1„ by surgery along the C2-trees ti, Wji and biju of 

Figure 1321 In particular, we have T(jij) ~ T{iji). By Lemma [5.21 it follows that 

a^'~'(7(0)-a(l). 

We denote by Arf,;(fT) the Arf invariant for (the closure of) the ith component 
of a. By Lemma 15.31 we have 

= M^(0)(U), 

Arf,(a) = Arf,;(t7(0)) + Arf,(a(l)) = Arf,(a(l)) = e{tti), 

IJ'aiijk) = ^J.a(o){^jk) + lia(i){iik) = lia(0){i3k) + x{ijk), 

f^aijiij) = M<T(o)(jMi) + M<T(i)(jMj) 

= fJ-aio){jiij) + X! a;(ijfc)/XT(yfc)(jMj) -h£(jMj) mod 2. 

l<i<j<k<n 

Since these invariants are Cs-concordancc invariants, we have the following. 

Theorem 5.9. Two n-string links are C^-concordant if and only if they share 
all invariants Arf^, /i(jj) (1 < * < J < n), fJ-{ijk) (l < i < j < k < n) and 
fi{jiij) mod 2 (1 <i < j <n). 

Since, by (|5.ip . the n-string link a is obtained from cr(0) • cr(l) ■ (In)Gi t>y surgery 
along linear Cs-trees, by Lemmas 15.11 and 15. 5[ there is a disjoint union G2 of C3- 
graphs with loops such that 

(5.2) a a(0) • a(l) • (1„)gi • a(2) • (1„)g„ 
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where 

(7(2) := Yl TijtijY^^"^'^ ■ Yl T{kijk)y^^'^^^ ■ W T{ki]y^^'^^^ 

l<i<j<n l<i,j.k<n l<i,j<k<l<n 

Kj 

for some integers y{jiij), y{kijk), y{kijl). Observe that T{jiij), T{kijk) and T{kijl) 
correspond respectively to the string hnks obtained by surgery along the Cs-trees 
hiji hijk and hijki of Figure l4.3l (Actually, (|5.2p can also be derived from the proof 
of Theorem O) 

By Lemma 15.31 we have 

^J■a{j^^j) = A*<T(0)-fT(i)(jMj) + Ai<T(2) (jMj) = f^a{o)-a{i){j'iij) + '^yijiij), 

Haikijk) = Ha{o)-a{i)ikijk) + ^ y{jiij)t^T{jiij){kijk) + y{kijk), 

l<i<j<n 

^■aikijl) = f^a{0)-a{l){kijl) + ^ y{jiij)f^T{]zi]){kijl) 

l<i<j<n 

+ X! y{kijk)iiT{kijk){kijl) +y{kijl). 

Since these invariants are C4-concordance invariants and a '^'^'^ cr(0) • cr(l) ■ c(2), 
we have the following. 

Theorem 5.10. Two n-string links are d^- concordant if and only if they are C3- 
concordant and they share all invariants fJ-{jiij) (1 < * < J < n), fi{kijk) (1 < 
hjik<n; i < j) and fi{kijl) {I < i, j < k < I < n) . 

Now, bv (|5.2p . there is a disjoint union G3 of C4-graphs with loops such that 

(5.3) a a{0) ■ ■ (1„)gi • a(2) • (1„)g. • ^(3) • (1„)g3 , 
where (j(3) is given by 

4 

(5.4) cr(3) ■.= Y[T{jiiijy^^"'''> ■ Y[ T{ki]ikY^^'^'^^ ■ W [| T{IY^^^ 

i,j i,j<k s=l /eXs 

for some e{jiiij) G {0, 1} and some integers e{kijik) and z{I), where 

Xi = {ikkkj I 1 < i, j, k < n, i < j}, 

Xi = {kiijk \ 1 < i, j, k < n, , i < j, z < fc} U {kjiik \ l<j<i<k< n}, 

X3 = {kijpk I 1 < i,j, k,p < n, i < p}, X4 = {pijkq \ l<i,j,k<p<q< n}. 

In particular, the second product in (j5.4p is obtained from the following two 
observations. One one hand, for 1 < i, j < k < n, we have by (|4.9p that 

T{tjkjt) ^= T{kjijkY ■ T{ki]ikf {5,5' e {-1, 1}) 

(noting that T(ijkij), T{kjijk) and T{kijik) correspond to the string links ob- 
tained by surgery along the C4-trees "(12) and Figure SIT] respec- 
tively, and that '^^'^ "(132) )■ ^^"^ other hand, by Lemma 15.11 (3) the 
C4-trees above are 2-torsion elements in SC{n)/{C^ + c). 

Note also that T(jiiij) in (|5.4p corresponds to the string links obtained by 
surgery along the C4-tree s*^^ of Figure 14.41 (fc = 1,2), and that similarly for 
/ G Xi, T2, the various T(/) correspond to Cs-concordance classes of the string 
links obtained by surgery along the C4-trees of Figure 14.71 

By Lemma 15.31 we have 

fi^ijiiiij) EE /^<T(0)-a(i)-<T(2)(jMMj) +£(j«Mj) mod 2, 
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fia{kijjik) = ^la(o).a{l)■cr{2){k^jjik) + ^e{jii^j)^lT{ji^^J)ik^jj^k)+e{kijik) mod 2, 
and for each / G X, (1 < s < 4) , 

i,3 welt 

t<s 

Since these invariants arc Cs-concordancc invariants and a ~ ' cr(0) • • cr(2) • 
ct(3), we have the following. 

Theorem 5.11. Two n-string links are C^- concordant if and only if they are C4- 
concordant and share all invariants ^.[jiiiij) mod 2 (1 < i, j < n), fi{kijjik) mod 2 
(1 < i,j <k< n) and fi{I) (I G Xi U Z2 U X3 U J4). 

Moreover, from (j5.3p we have that there is a string link cr(4) and a disjoint union 
G4 of Cs-graphs with loops such that 

(5.5) a S a(0) • a(l) • (1„)gi • a(2) • (1„)g. • ^(3) • (1„)g3 • ct{4) ■ (1„)g4 , 
where 

7 

^(4) = n n ^('^)"'^''^ 

for some integers w{J), where 

Jo = {ijijU I 1 < i < j < n-}, Ji = {ijjjji | 1 < «, j < n}, 
JJ2 = {ikkkkj I 1 < i, j, k < i < j}, 
Jj, = {kiiijk, kiijik, kijjjk, kjijjk \ I < i, j, k < n, i < j}, 
J4 = {kiijjk, kijijk, kijjik, kjiijk\ l<i<j<k< n}, 

~ {pikkjp, pkijkp\ 1 < i,j,k,p < i < j, k < p} 
U{pijkkp, pikjkp \ l<i,j<k<p<n} 
U{pkkijp, pkikjp \ l<k<i,j,p<n} 
U{pkkijp, pkikjp \ 1 < i,j,k,p < n, i < k < j}, 

Je = {qkijpq \ 1 < i,j, k,p, q < n, k < p}, Jj = {qijkpr \ I < i, j,k,p < q < r < n}. 

Let us briefly explain how to determine these J^s's. First, separate Cs-trees by 
their indices. By Lemmas 13.71 15.11 (2) and 15.21 we have eight cases : {«'^', j'^-*}, 
{^,J,k(^)}, {*(3),.;,fc(2)}, {,(2)^^-(2)^fc(2)|^ {^,J,k(^\p(^)}, {z,j,fc,p,9(2)} 
and {i,j,k,p,q,r}, which correspond to Jo, Ji, J2, J3, J4, J5, Je and J7 respec- 
tively. By the IHX relation, we may assume that each Cs-tree is linear, and we may 
chose any pair of leaves as ends. Hence for each of the eight cases above, we may 
choose the ends of any Cs-tree having the corresponding index. Then we enumerate 
all possible o-indices, using Lemmas 15.11 (2) and 15.21 For example, we may choose 
that the ends of any linear Cs-tree with index are an i-leaf and a j-leaf, 

so we enumerate all o-indices starting with i and ending with j. By Lemma ET] (2), 
we are left with only two cases, namely ijijij and ijjiij. Now, it follows from two 
applications of the AS relation that T{ijijij) S T{ijjiij). So ijijij is essentially 
the only o-index for Cs-trees with index {i^"^-*, j^"^-*}. 

By combining a similar method as in [361 Rem. 5.3] and the IHX relation, we 
have that for each J G Jo 

Ha{J) = l^a(0)-<y{l)-a(2)-a(3){J) + 12 ' w{J). 

By Lemma [5.31 we have that for each J & Js (1 < s < 7) 

IJ'aiJ) ^ lJ'a{Q)-a{l)-a(2)-a{3){J) + ^ ^ w{V) flT{V){J) + Cj ■ w{J) , 

0<t<s VGjt 
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where cj = 2 if J G J7i U {kijjik, kjiijk\ l<i<j<k<n} and cj = 1 otherwise. 

Since these invariants are Ce-concordance invariants and a '^^'^ c(0) • o'(l) • o'(2) • 
cr(3) • cr(4), we have the following. 

Theorem 5.12. Two n-string links are C^- concordant if and only if they are C5- 
concordant and they share all invariants fi{J) for J ^ Ji (i ~ 0, 1, ...,6). 

Remark 5.13. Theorem 15.91 as well as the 2-coniponent cases of Theorems 15.101 
I5.11l and l5.121 arc also proved in [33, using different methods. 

Remark 5.14. Note that for A: < 6, we meet new torsion elements in the group 
SC{n)/{Ck + c) for /c = 3 and 5. These are all 2-torsion elements of the form 
T(io, ii, «p, «p+i, «p, «i, «o), possibly with ij ~ ik for j, fc ^ 0. By Lemma 
15.11 (3), there are such 2-torsion elements in SC{n) / (Ck + c) for any odd k. 

6. 2-STRING LINKS UP TO SELF C3-MOVES AND CONCORDANCE 

Given a multi-index /, let r(/) denote the maximum number of times that any 
index appears. For example, r(1123) = 2, r(1231223) = 3. It is known that if 
r(J) = 1, then Milnor invariant with index / is a link-homotopy invariant \27\ I12j. 
where link-homotopy is an equivalence relation on links generated by self crossing 
changes. Milnor invariants give a link-homotopy classification of string links [T2] . 

Although Milnor invariants with r > 2 are not necessarily link-homotopy invari- 
ants, Fleming and the second author showed that /x-invariants with r < k are self 
Ck- equivalence invariants for string links, where the self Cfe-equivalence is an equiv- 
alence relation on (string) links generated by self Cfc-moves, which are Cfc-moves 
with all A: -I- 1 strands in a single component. See [H Theorem 3.1] and [35] . 

Two string links a and a' are self-Ck concordant if there is a sequence a = 
(Ti, ...,tTm = cr' of string links such that for each i{G {1, ...,to — 1}), ai and (Ti+i are 
either concordant or self Cfc-equivalent. 

Since Milnor invariants are concordance invariants, any Milnor invariant indexed 
by / with r(J) < fc is a self-Cfe concordance invariant. The second author showed 
that Milnor invariants //(/) with r{I) < 2 classify string links up to self-C2 concor- 
dance [35]. Here we give a self-Cs concordance classification for 2-string links. 

Theorem 6.1. Two 2-string links are self-C^ concordant of and only if they share 
all invariants Arf^ [i ~ 1,2), /^(12), /^(2112), /^(121212), and fi(jiiiij) mod 2 
({^J} = {1,2}). 

Remark 6.2. In [351 Remark], the second author asked if the Hopf link with both 
components Whitehead doubled is self-Cs equivalent to the trivial 2-string link. 
The theorem above gives an affirmative answer. 

Proof. By [T] Lem. 1.2], Ce-concordancc implies self-Cs concordance for 2-string 
links. Starting with a representative of the Cg-concordancc class of a 2-string link 
(T, as given by (|5.5p . we can eliminate the generators T{I) such that / contains at 
least 3 times the same index to obtain a self-Ca concordance representative. We 
obtain that a is self-Ca concordant to 

r(12)"^-r(lll)^i-r(222)^^-T(212)''^-T(2112)y-r(21112)^''T(12221)-'=-r(121212)^ 

for some integers x,y, z and for some Si € {0, 1} (1 < i < 5). By Theorem I5.12[ 
x,y,z,£i (1 < « < 5) are determined by the invariants Arf^ (i = 1,2), /i(12), 
/i(2112), /i(121212), /i(211112) mod 2, and ^(122221) mod 2. Since all these invari- 
ants except for mod-2 fj.{jiiiij) {{i,j} = {1,2}) are self-Cs concordance invariants, 
there only remains to show that mod-2 ^{jiiiij) is a self-Cs equivalence invariant. 
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Suppose that a' is a string link obtained from a G SC{2) by surgery along a 
Ca-trce with index {1^^^}. It is enough to show that Haijmij) = fJ-a'tjUHj) mod 
2. By Calculus of Clasper, 

a' ^ a ■ (12)*', 

where t' is a Ca-tree with index {l^*-*} and is in a tubular neighbourhood of the 1st 
strand of l2- By [Ml Lom. 2.1], we may assume that the C4-equivalence above is 
realized by surgery along a disjoint union of C4-trees with indices {l^^)} or {l*"*), 2}. 
So by Lemma Em (2), we have 

/ C5+C ^ 

Hence by Remark EH we have 

= + ^(12)^, = fJ'aijiiHj) mod 2. 

This completes the proof. □ 

7. C„+i-MOVES FOR n-COMPONENT BrUNNIAN STRING LINKS 

An n-string link is Brunnian if every proper substring link of it is trivial. In this 
section, we use tools developped in the present paper to classify Brunnian n-string 
links up to Cn+i equivalence, thus improving a previous result of the authors [26] . 

Let B be a Brunnian n-string link. An explicit formula for a representative Bq 
of the C„-equivalence class of B was given in [T^ (see also [3^1 Prop. 4.2]), and 
can be formulated as follows (using the notation of section 5): 

(7.1) Bo:= Yl T(n- l,?/(l),...,r;(n-2),n)^«("^i^''(i)'-'''("-2)."). 

»?es„_2 

Recall from Subsection 13.21 that for an integer k in {1, ...,n}, Bn{k) denotes the 
set of all bijections r from {1, n — 1} to {1, n} \ {k} such that r(l) < r(n — 1), 
and that Ba{k), resp. Ba{k), is the n-string link obtained from 1„ by surgery 
along the C„-tree Ta{l), resp. Ta{l) represented in Figure \JM For r G Bn{k), set 
Hr{B) := fiB{T{^), ■■■,T{n — l),k,k). Is was proved in [26l Prop. 4.5] that 

B^^^'Bo-B(i) •...•B(„), 
where, for each k (1 < k < n), B^]^-^ is the Brunnian rt-string link 

(7.2) n (i?,(fc))"^w.(;B;(fc))<w, 

such that, for any r G Bn{k) (l < k < n), the exponents nr{k) and n'^{k) are two 
integers satisfying 

nr{k) + n'^{k) = /lr(-B(i) • ... • B(„)) = /lr(S) - /ir(So). 

This uses the fact that, for any k G {1, n) and a, r G B4{k), we have 

HaiBr{k)) = /^q(S^(1)) = Sa.T- 

Given an n-string link a and t G S„(1), we can construct a knot AV((t) in as 
follows. Connect the upper endpoints of the first and the T(l)th components of a 
by an arc ai in \ [D^ x /). Next, connect the lower endpoints of the r(l)th and 
the T(2)th components by an arc 02 in S^\{D'^ x /) disjoint from ai, then the upper 
endpoints of the T(2)th and r(3)th components by an arc 03 in S^\{D'^ x /) disjoint 
from ai U a2- Repeat this construction until reaching the T{n — l)th component, 
and connect its lower or upper endpoint (depending on the parity of n) to the 
lower enpoint of the first component by an arc a„ in \ {D^ x /) disjoint from 
Ui<i<n-i '^i- T^^^^ BuTCS are chosen so that, if and aj {i < j) meet in the diagram 
of L, then overpasses aj. It follows from the construction of Kt{(j) and [17j that 
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for any r g Bn{l), we have p := Pq {KT-{Br{l))) is nonzero (note that p depends 
only on n) . Set 

fria) := PtHKAa))/p. 
By the proof of Lemma 13. 4[ we note that for any k > 2 there is a bijection 
(j)k ■ Bn{l) — > Bnik) such that for any r e S„(l), we have -Bt(I) • Bt{1)~^ ^ 

We can now prove the following stronger version of Prop. 4.5]. 
Theorem 7.1. Let B be a Brunnian n-string link. Then 

B ^St^ Bo • B', 

where Bq is determined by the Milnor invariants of B of length n as in |7. and 
where B' is given by 

n 

rei3„(l) fc=2rei3„(fc) 

where rrir = fr{B) - fr{Bv,) - Efc>2 Wfc(r)(5) - Ai0,(r)(So)) ("t £ S„(l);. 

Proof. By Lemma [3.41 we may assume that n'^{k) = in (|7.2p for any r G Bn{k) 
with k ^ 1. Hence the product • ... • i3(n) is given by 

n 

TGi3„(l) k=2TeB„{k) 

Let r g It follows from the construction of Kr{(7) and [T7j that for any 

T] G S„(l), we have fr{B,,{l)) 5^,^ and = 0, and that fr{B^^(^){k)) = 

Sr.rj for each k > 2. 

By using a similar argument as Claim [23] and the multiplicativity of the HOM- 
FLYPT polynomial, we thus have that for each r G S„(l) 

fr{B) = .fr{Bo) + .fABa) ■ ■ ■ B^n)) 

= fABo) + nAl) + Y,iH.(r){B) - Ai^,(,)(Bo))- 

k>2 

Since fJ,T{B) = fj,r{Ba) + nr{l) + nA^), this completes the proof. □ 
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